In this paper, the solution to Fuzzy sequential Fractional Initial Value Problem [FFIVP] under Caputo type fuzzy fractional derivatives by a modified fractional Euler method is presented. The Caputo-type fuzzy fractional derivatives are defined based on Hukuhara difference and strongly generalized fuzzy differentiability. The modified fractional Euler method based on a generalized Taylors formula and a modified trapezoidal rule is used for solving initial value problem under fuzzy sequential fractional differential equation of order 0 < β < 1. Solving two examples of linear and nonlinear FFIVP illustrates the method.
Introduction
Recently, applying fractional differential equations increased sharply and have attracted a considerable attention in mathematics and in applications. So that they've been used in modeling of many physical, chemical process and in engineering [7, 10, 11, 14, 16] . There has been two important published books in this way. The first one has been written by Podlubny and the second one by Kilbas et.al [18] . In addition, there has been lots of research papers to consider solutions of fractional differential equations [1, 20, 21, 22, 23] and there has also been lots of references published. In this contribution, we attempt to investigate the solutions of fractional differential equations with uncertainty called fuzzy fractional differential equations (FFDEs). Recently, Agarwal, Arshad and Allahviranloo, Salahshour, [6, 8, 3, 30] proposed on the fractional differential equations with uncertainty. They have considered the Riemann-Liouville's differentiability for solving FFDEs that is a combination of Hukuhara difference and Riemann-Liouville derivative. Some basic paper exist which are written by Bede et. al [12] while shortcoming of applications of Hukuhara difference has been discussed. As the result, we will adopt a generalization of strongly generalized differentiability to fractional case. At the end, sequential fractional differentiability (we adopt the convenient terminology of Miller and Ross) by using Hukuhara differences which is called Caputo sequential fractional H-differentiability of the same order σ k , will be suggested. Naturally, we arrive at solutions under Caputo sequential fractional H-differentiability which are different from those obtained in [30] .
There fore, a direct procedure will be adopted to derive the definition which is constructed based on the combination of strongly generalized differentiability and Caputo sequential fractional H-derivative of the same order σ k . Simultaneously, an analytical method will be intended for solving fuzzy sequential fractional differential equations FSFDEs. Since considering the solutions of FSFDEs is a new subject, first need to provided an analytical method for solving it, then numerical methods can be used. Finally, Modified fractional Euler method will be adopted to solve FSFDEs. There exist numbers of useful papers about [2, 26, 27] . This paper is organized as follows: In section 2, we recall some well-known definitions of fuzzy numbers and is given some needed concepts. In section 3, Caputo H-differentiability is introduced and some of its properties is considered.In section 4, Caputo sequential H-differentiability is introduced. Consequently, the Modified fractional Euler method are considered for fuzzy-valued under Caputo sequential H-derivative, and the solutions of FSFDEs are investigated by using the fuzzy Laplace transforms and their inverses in section 5. In section 6, some examples are solved to illustrate the method. Finally, conclusion is drawn in section 7.
Preliminaries
The basic definition of fuzzy numbers is given in [34] . We denote the set of all real numbers by R and the set of all fuzzy number on R is indicated by E. A fuzzy number is a mapping u : R → [0, 1] with the following properties:
is the support of the u, and its closure cl(supp u) is compact. An equivalent parametric definition is also given in [17, 24, 35] as follows: According to Zadeh , s extension principle, operation of addition on E is defined by
and scalar multiplication of a fuzzy number is given by
The Hausdorff distance between fuzzy numbers given by d :
where u = (u(r), u(r)), v = (v(r), v(r)) ⊂ R is utilized in [12] . Then, it is easy to see that d is a metric in E and has the following properties (see [29] ): In this paper, the sign "⊖" always stands for H-difference, and also note that x ⊖ y ̸ = x + (−1)y.
Riemann-Liouville H-differentiability
In this section, the concept of fuzzy Riemann-Liouville derivatives are considered using Hukuhara difference. We try to produce such definitions and statements similar to the non-fractional one in the fuzzy context [12] . We denote C F [a, b] as a space of all fuzzy-valued functions which are continuous on [a, b] . Also, we denote the space of all lebesque integrable fuzzy-value functions on the bounded interval
, we denote the space of fuzzy-value functions f (x) which have continuous H-derivative up to order
Now, we define the fuzzy Riemann-Liouville integral of fuzzy-valued function as follows:
the fuzzy Riemann-Liouville integral of fuzzy-valued function f is defined as following:
(
, for all 0 ≤ r ≤ 1, then we can indicate the fuzzy Riemann-Liouville integral of fuzzy-valued function f based on the lower and upper functions as following:
where
and
Now, we define fuzzy Riemann-Liouville fractional derivatives of order β ∈ C, (Re(β ) > 0) for fuzzy-valued function f .
, and x 0 ∈ (a, b) and 
where 10) and
the fuzzy Riemann-Liouville fractional derivative reduces to the generalized Hdifferentiability of order n [19]
for case RL [(ii) − β ]-differentiability, provided the mentioned Hukuhara differences exist.
Proof. See [3] .
Property 3.1. (Composition with fractional Riemann-Liouville H-derivatives). Let α
for case D 
Generalized Taylors formula
Generalized Taylors formula under the Caputo-type fractional derivative was introduced in crisp context [14] . Here, we introduce it under the Caputo-type fuzzy fractional derivatives as follows:
FSFDEs under the Caputo sequential H-differentiability
In this section, by using the composition rule for Caputo H-differentiability, we can replace all sequential fractional H-differentiability in FFDEs by the Caputo fractional H-differentiability of the same order σ k , are discussed. First we consider the fuzzy sequential fractional differential equation of the same order σ k , with the initial conditions 
Solving fuzzy initial value problem of fractional order
In this section, the modified fractional Euler method for solving fuzzy sequential initial value problem of fractional order under the Caputo-type fuzzy fractional derivative will be presented. The method is based on the fractional Euler method-used as a prediction at each step-and the modified trapezoidal rule-used to make a correction to obtain the finite value at each step-which has been proposed by Odibat and Momani [15] in non-fuzzy context. To this end, consider the following FFIVP Example 6.
Let us consider the following FSFDE (fractional nuclear decay equation)
where α + β = 0.5, α 1 = α, α 2 = β and m = 2. Therefore, σ 1 = α, σ 2 = α + β and y(x)is the number of radionuclides present in a given radioactive, λ is a decay constant. We solve this example according two following cases for λ ∈ R.
Case I. Suppose that λ ∈ R + = (0, +∞),
we get the solution of FSFDE as following:
, the solution will be obtained similar to Eq. (6.15). For special case, let us consider β = 0 and 0 < α < 1, λ = 1 (and assuming, of course, b 2 =0), b 1 (r) = (1 + r, 3 − r), then we get the solution for Case I as following:
The FFIVP (6.16) can be considered equivalent by the following initial value problems ifỹ(x) is c [(i) − α]− differentiability we get: 
making use of the modified trapezoidal rule,
The initial value problems (6.16) and (6.17) can be equivalent to the following integral equations
By substituting x = x 1 into 18 and approximation of the I α F(x, y r , y r ), I α G(x, y r , y r ) by the modified trapezoidal rule 
Example 6.2. Consider the following Fuzzy Fractional Initial Value Problem
           c D 3 4ỹ (x) = −ỹ(x) y(0) = (0.5, 1, 1.5) x ∈ [0, 1]
Conclusion
In this paper, the modified fractional Euler method is considered for solving FFIVP under the sequential Caputotype fuzzy fractional derivatives of order β ∈ (0, 1). Modeling physical, electrical and chemical systems and the like based on FDEs in the presence of fuzzy uncertainty involves solving an initial value problem whose differential equations are of fractional order and usually nonlinear. Moreover, the initial conditions in many of these systems are of integer order. The application of FFDEs under sequential Riemann Liouville derivative is restricted, in some ways, because their initial conditions are of fractional order. Consequently, the sequential Caputo-type fuzzy fractional derivatives are applied here. The definition can be extended to β ∈ (n − 1, n); n ∈ N. Additionally, the modified fractional Euler method as a known and simpler method is preferred for solving FFIVP with nonlinear FDE. In the future studies effort is made to use Laplace transform for examining FFDEs under the sequential Caputo-type fuzzy fractional derivatives of order β ∈ (0, 2),β ̸ = 1.
